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Unsteady-State Permeate Flux of Crossflow 
Microfiltration: Effect of Particle Size Distribution 

DONG-JANG CHANG and SHYH-JYE HWANG" 
DEPARTMENT OF CHEMICAL ENGINEERING 
NATIONAL TSING HUA UNIVERSITY 
HSINCHU, TAIWAN 30043, REPUBLIC OF CHINA 

ABSTRACT 

A mathematical model based on a hydrodynamic theory and mass balance was 
developed for the prediction of the unsteady-state permeate flux in crossflow 
microfiltration under the influence of particle size distribution. Experiments were 
also conducted in a membrane filtration cell to verify this model. Spherical polysty- 
rene latex particles of 0.303,0.606, and 1.020 Fm were used to make suspensions 
of various particle size distributions. The flow of the suspension in the channel 
of the filtration cell was controlled under the laminar flow region. It was found 
that the unsteady-state permeate flux increased as the mean particle size of the 
suspension was increased. Moreover, the model predicted satisfactorily the un- 
steady-state permeate flux under the effect of particle size distribution. 

I N TRO DU CT I0 N 

Crossflow microfiltration provides an  excellent alternative to the con- 
ventional solid-liquid separation processes. Microparticles, microorga- 
nisms, macromolecules, colloids, and most bacteria can be removed effec- 
tively by this method. During crossflow microfiltration, the particles in 
the suspension are continuously pulled toward the membrane surface by 
the flow of the permeate through the membrane. Simultaneously, the parti- 
cles are lifted away from the membrane surface by a backtransport force 
driven by various mechanisms (1-3). When the two counteracting forces 
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291 8 CHANG AND HWANG 

are balanced, a steady-state is reached. At the steady-state the permeate 
flux and the thickness of the cake on the membrane remain constant. 

Many theoretical studies have been made, and several predictive 
models have been developed to explain the performance of crossflow mi- 
crofiltration (4-9). Nevertheless, most of the models assumed that the 
suspension was monodispersed, which did not exist in practical situations. 
Only a few models have been developed to describe the fouling of 
crossflow microfiltration for polydispersed suspensions (4, 5) .  However, 
the coefficients in those models could not be obtained theoretically. 

Chang and Hwang (10) developed a mathematical model based on a 
hydrodynamic theory and mass balance to predict satisfactorily the un- 
steady-state permeate flux of crossflow microfiltration for monodispersed 
suspensions. All of the significant terms of the backtransport force and 
the hydrodynamic resistances of the membrane and particle layer were 
considered in their model. For this study their model was modified to 
predict the unsteady-state permeate flux of crossflow microfiltration for 
polydispersed suspensions. 

THEORETICAL DEVELOPMENT 

Hydrodynamic Model 

The schematic representation of the model is shown in Fig. 1 (10). The 
assumptions and derivation of the model are similar to Chang and Hwang 

Permeate 
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FIG. 1 Schematic representation of the model (10) 
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UNSTEADY-STATE PERMEATE FLUX 2919 

where Rm is the membrane resistance, A P  is the pressure drop across the 
membrane, and ai is the specific resistance of the instantaneous cake at 
time f .  Integration of Eq. (2) gives 

A P  + (3) paiup(pplCl + pp2c2 + ... + PpnCn)  

Rm 
ai(pplCI + pp2C2 + ... + ~ p n C n )  

- 

In addition, the crossflow velocity in the filtration channel is 

where u, is the crossflow velocity of the suspension measured at the outlet 
of the filtration cell, and hCi is the instantaneous cake thickness with cake 
resistance Rci . hci , the weight of particle size n of the instantaneous cake 
(Wni), and the mean particle size of the instantaneous cake (dpi), are calcu- 
lated by 
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2920 CHANG AND HWANG 

CNid& wli + w2i + ... + w,,i 
(7) - d .  = - 

Wn i + -  Pl CNid&, 3 + - W2i + ... 
dpl dp2 d p n  

Furthermore, the velocities due to lateral migration, shear-induced diffu- 
sion, and Brownian diffusion, and the concentration of each particle size 
in the suspension should be modified: 

1. temp controller 2. stimer 

3. valves 4. pressure gauge 

5. squeezing pump 6.rotarneter 

7. filtration cell 

9. stock tank 10. I-ecordcr 

S .  electronic balance 

1 1.  micro-metering pump 

13. temp sensor 

12. heater 

14. deionized water beaker 

FIG. 2 Schematic diagram of experimental set-up (10). 
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UNSTEADY-STATE PERMEATE FLUX 2921 

A stepwise iterative procedure is then used to  calculate the unsteady-state 
permeate flux from Eqs. (3) and (8)-(11). 

EXPERIMENTAL APPARATUS AND METHODS 

The schematic diagram of the experimental setup is shown in Fig. 2 
(10). The experimental apparatus and method employed in this study were 
similar to those used by Chang and Hwang (10) except that polydispersed 
suspensions were substituted for monodispersed suspensions. The diame- 
ters and density of the polystyrene latex particles used in the suspensions 
were 0.303,0.606, and 1.020 Fm, and 1.05 g/cm3, respectively. The volume 
of each particle size varied among the polydispersed suspensions, but the 
total volume concentration was always kept at 50 ppmv. It should be 
noted that for all experimental runs, the diameters of the suspension parti- 
cles were always much larger than the membrane pore size to prevent 
particle penetration into or through the membrane. 

RESULTS AND DISCUSSION 

Determination of the Specific Resistance (a) and Voidage 
( E ~ )  of the Cake 

For constant pressure dead-end microfiltration, the specific resistance, 
a, can be obtained from the slope of the linear plot tlV vs V using the 
following filtration equation: 

For microfiltration of a polydispersed suspension, the particle size distri- 
bution, and hence the mean particle size in the suspension and the cake 
varied with time due to different magnitude of the forces acting on  various 
sizes of the particles in the suspension. Figures 3-6 show the variation 
of the mean particle size of the instantaneous cake with time according 
to our proposed model. As a result, the specific resistance of the cake 
also varied with time. The variation of the specific resistance of the cake 
during microfiltration could be obtained from dead-end microfiltration ex- 
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FIG. 3 The mean particle size of the instantaneous cake vs time ( d ,  = 1 + 0.6 Km). 
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FIG. 4 The mean particle size of the instantaneous cake vs time ( d ,  = 1 + 0.3 pm). 
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2924 CHANG AND HWANG 

periments using polydispersed suspensions with various volumes of each 
particle. The voidage of the cake, e c ,  could then be evaluated by the 
Carman-Kozeny equation: 

The relationships between the voidage and mean particle size of the cake 
obtained from the dead-end experiments for various polydispersed sus- 
pensions are shown in Figs. 7-10. As expected, the voidage of the cake 
increases with an increase in the mean particle size of the cake. In addi- 
tion, the relationship between ec and d,, can be described by the following 
correlation equation: 

(14) 

The values of the coefficients for various polydispersed suspensions are 
shown in Table 1. Note that the voidage of the cake obtained from the 
dead-end experiments is applicable to crossflow microfiltration. 

E, = Ao + Aidpa + A*&, 

exp. 
- fit 

0 4 4 1  ' I I I I I I 
0.65 0.70 0.75 0.80 0.85 0.90 0.95 

d,, (Wn> 

FIG. 7 The relationship between the voidage and mean particle size of the cake (d ,  = I 
+ 0.6 km). 
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FIG. 8 The relationship between the voidage and mean particle size of the cake (d,, = 1 
+ 0.3 pm). 
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FIG. 9 The relationship between the voidage and mean particle size of the cake ( d p  = 0.6 

+ 0.3 pm). 
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0.40 : 
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 .o 1.1 

d,, (elm) 

FIG. 10 The relationship between the voidage and mean particle size of the cake (d, = I 
+ 0.6 + 0.3 Fm). 

Unsteady-State Permeate Flux 

The effects of particle size distribution on the unsteady-state permeate 
flux are shown in Figs. 11-14. It is seen in these figures and Figs. 3-6 
that the unsteady-state permeate flux increases with an increase in the 
mean particle size of the cake. This is due to the fact that the voidage of 

TABLE I 
The Parameter Values of the Correlation Equations 

( ~ c  = Ao + Aidp  + Azdzpd 

1 + 0.6 0.305 0.310 - 0.145 
1 + 0.3 0.327 0.366 -0.264 
0.6 + 0.3 0.368 0.027 0.394 
1 + 0.6 + 0.3 0.360 0.166 -0.050 
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FIG. 11 Effect of particle size distribution on the permeate flux (d, = 0.1 pm, A P  = 3.8 
x lo4 Nt/rn2, T = 30°C, pH 6.6, u,, = 1.8 m/s, d ,  = 1 + 0.6 pm). 
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FIG. 14 Effect of particle size distribution on the permeate flux (d, = 0.1 prn, A P  = 3.8 
x lo4 Nt/m*, T = 3WC, pH 6.6, uo = 1.8 m/s, d, = 1 + 0.6 + 0.3 Fm). 
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the cake increases as the mean particle size of the cake is increased, which 
leads to a lower cake resistance. As a result, the unsteady-state permeate 
flux is higher for a higher mean particle size of the cake. It should be 
noted that the mean particle size of the cake increases as the mean particle 
size of the polydispersed suspension is increased. Therefore, the un- 
steady-state permeate flux increases with increasing mean particle size of 
the polydispersed suspension. Also shown in Figs. 7-10 is that the model 
predictions are in agreement with the experimental results. 

CONCLUSIONS 

Experiments were conducted to study crossflow microfiltration of poly- 
dispersed suspensions of spherical polystyrene latex particles. It was 
found that the unsteady-state permeate flux and the voidage of the cake 
increased with increasing mean particle size of the polydispersed suspen- 
sion. A mathematical model based on a hydrodynamic theory and mass 
balance was also developed in this study. This model could satisfactorily 
predict the unsteady-state permeate flux of crossflow microfiltration of 
polydispersed suspensions. 

N OTATl ON S 

Hamaker constant (J) 
cross-section area of channel (m2) 
filtration area of membrane (m2) 
concentration of particle size 1 in the suspension (ppmv) 
concentration of particle size 2 in the suspension (ppmv) 
concentration of particle size n in the suspension (ppmv) 
concentration of particle size I in the suspension at time t (ppmv) 
concentration of particle size 2 in the suspension at time t (ppmv) 
concentration of particle size n in the suspension at time t (ppmv) 
particle diameter (m) 
mean particle size of the cake in dead-end microfiltration (m) 
mean particle size of the instantaneous cake at time t (m) 
diameter of particle size 1 (m) 
diameter of particle size 2 (m) 
diameter of particle size n (m) 
clearance of crossflow channel (m) 
thickness of the instantaneous cake at  time t (m) 
Boltzmann constant (J/K) 
number of particles 
pressure drop across membrane (Nt/rn2) 
cake resistance (1  /m) 
the resistance of the instantaneous cake at time t (l/m) 
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membrane resistance (l/m) 
temperature (K) 
filtration time (min) 
modified Brownian diffusion for particle size n (mis) 
modified lateral lift velocity for particle size n (m/s) 
crossflow velocity (m/s) 
modified uo (m/s) 
permeate flux (mis) 
modified shear-induced velocity for particle size n (m/s) 
backtransport velocity of particle size 1 (m/s) 
backtransport velocity of particle size 2 (m/s) 
backtransport velocity of particle size n (m/s) 
axial velocity of particle (m/s) 
cumulative volume of the permeate (m3) 
volume of the suspension in stock tank (m3) 
weight of particle size 1 of the instantaneous cake at  time t (kg) 
weight of particle size 2 of the instantaneous cake at  time t (kg) 
weight of particle size n of the instantaneous cake at time t (kg) 
Debye length (m) 

Greek Letters 

specific resistance of cake (m/kg) 
specific resistance of the instantaneous cake at time t (mikg) 
viscosity of the suspension (kgims) 
dielectric constant of the suspension (Nt/V2) 
cake voidage 
cake voidage of the instantaneous cake at time t 
zeta potential (V) 
water density (kg/m3) 
particle density (kg/m3) 
density of particle size 1 (kg/m3) 
density of particle size 2 (kg/m3) 
density of particle size n (kg/m3) 
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